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We study the energy spectrum and the persistent current in an ideal one-dimensional mesoscopic 
ring coupled to an external fermionic reservoir. The contact between ring and reservoir is described 
by a tunneling operator, which causes an indirect coupling between different ring states via states in 
the reservoir. For strong coupling to the reservoir new quasistates with sharp eigenenergies develop 
inside the ring. The formation of long-living states at strong tunnel coupling to the reservoir 
is analogous to the Dicke effect in optics, that was recently investigated in context of resonant 
scattering and resonant tunneling in solid state systems. Our model reproduces the results obtained 
in previous work based on the scattering matrix approach and furthermore it describes a new stable 
energy spectrum in the limit of strong coupling. 

PACS numbers: 73.21. Ra, 73.23.-b 



I. INTRODUCTION 

Experiments on mesoscopic rings enable to study quan- 
tum effects based on phase coherence. Two of its proven 
manifestations arc oscillations in the conductance of open 
rings connected to leadsi*^ and persistent currents in- 
side closed ringsMiSiSii, both periodic with the magnetic 
field applied perpendicular to the probe. In some of the 
experiments both effects can be measured on the same 
probe with the help of side gates that control the cou- 
pling between ring and reservoirs^i^. In recent optical 
experiments the energy spectra of quantum rings were 
studiedii^. 

As phase coherence is the precondition of these phe- 
nomena, the influence of decoherence is of major inter- 
est. Recently, the suppression of quantum coherence in 
a mesoscopic system due to its coupling to an exter- 
nal macroscopic reservoir attracted much attention. If a 
small mesoscopic system (quantum dot, quantum ring) is 
coupled by tunneling to an external reservoir of fermions 
(a lead) a phenomenon of level attraction is known to 
occur, which results in changes of occupation numbers, 
statistics of energy levels, and eventually the transport 
properties through the mesoscopic devic e?'^" . 

In the present paper we investigate the effects of level 
attraction due to coupling to an external reservoir on 
the persistent current in a mesoscopic ring. We find that 
the tunnel coupling in general leads to the suppression 
of the persistent current. However, with increasing cou- 
pling, the effective level structure of the ring coupled to 
the reservoir changes. Due to level mixing through the 
reservoir, quasistates with sharp eigenenergies develop 
in the ring, which can be related to the Dicke effect in 
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Depending on the number of ring states 



coupled to the reservoir this results in a nonzero per- 
sistent current even at very large tunneling between the 
ring and the reservoir. The saturation value of the persis- 
tent current at large tunneling is crucially affected by the 
detailed structure of the tunneling matrix elements. A 





FIG. 1: Different setups for a coupled ring described within 
the tunnel Hamiltonian formalism (a) or within the scattering 
matrix approach (b). 



complete suppression of the persistent current takes place 
only if all states of the ring are mixed by tunneling. 

A ring coupled to a reservoir was investi- 
gated previously within the scattering matrix 
approacbiSiiS*i2*iSii2i2fi, in which the ring is cou- 
pled via an ideal wire to the dissipative reservoir see 
Fig. n^b). But the development of long living states for 
strong coupling was not discussed there. 

The work is organized as follows: After the introduc- 
tion we explain our model in the next section. In section 
III the general results for the density of states (DOS) and 
the current density in the ring are presented. Thereafter 
these results are analyzed for different numbers of ring 
states that couple to the reservoir. In section V we re- 
late our results to the Dicke effect. A comparison with 
previous work based on the scattering matrix approach 
will be performed in section VI. Finally we will conclude 
our work. 



II. MODEL 

The setup studied in this work is shown in Fig. ^(a). 
Since the main purpose of this paper is to study the in- 
fluence of decoherence introduced by a tunnel contact 
to a fermionic reservoir (a lead) we confined ourselves 
to an independent spinless electron model and assumed 
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the ring to be one-dimensionalSi.This simple model cap- 
tures already the main features of the energy spectrum 
and exhibits the persistent current measured on rings in 
the ballistic transport regime^. The Hamiltonian of our 
model has the following form: 

H = ^ e„ja+ a„, + ^ Er-b+br + ^ trn,r{atnK + h.c), 



(1) 



where and dm {b^ and br) arc the creation and an- 
nihilation operators for electrons in the ring (reservoir) 
with quantum number m (r). The eigcnfunctions of the 
isolated ring arc given by (j)m{f) = e""*^, where m de- 
notes the angular momentum in the ring, and ip is the 
angular coordinate around the ring. The corresponding 

eigenenergies are given by e,„ = AEq (^m + ■§^^ , where 

$ denotes the magnetic flux through the ring, $o = | is 
the magnetic flux quantum, and the energy scale is given 

fc2 

by Eq = gj^tffi ■ The flux dependence of the Hamiltonian 
as well as the length of the ring is exclusively contained 
in the eigenenergies of the ring. The energies in the reser- 
voir are denoted by Er. 

An important consequence of the coupling described 
by the tunneling operator in Eq. (Q. is that the angular 
momentum is no longer conserved due to the new geom- 
etry, so that coupling to the same states in the reservoir 
induces an indirect interaction between the ring states. 
It is this interaction that determines the behavior of the 
system in the strong coupling regime. 

Let us discuss briefly the effects of the neglected terms 
of the Hamiltonian given by Eq. In the single 

particle picture a ring of finite width can be solved 
analyticalljiSSiS^. We have used the onc-dimensional en- 
ergy spectrum to keep the calculations tractable, which 
is a good approximation for thin rings. The influence 
of electron-electron interaction on the persistent current 
and the excitation spectrum has been shown to be neg- 
ligible in an ideal narrow ringS4. This is in agreement 
with experiments on a single ring within the ballistic 
transport rcgima^ and with spectroscopy of nanoscopic 
semiconducting ringsi, for which the results can be ex- 
plained within a single particle picture. Furthermore, for 
a high charge density inside the ring the Coulomb inter- 
action is screened and does not contribute significantly. 
The effect of spin is easily implemented in our model as 
long as spin is conserved during the tunneling process. 
Like in the isolated caseS^ the system can then be de- 
scribed by an independent sum of a spin up subsystem 
and a spin-down subsystem. 

Following earlier worl*i^ we now estimate the tunnel- 
ing matrix elements tm,r defined by tm,r = {4>m \ V \ipr), 
where the potential V defines the region of overlap be- 
tween the wavefunctions in the ring and the reservoir and 
ipr denotes an eigenfunction in the reservoir. For a small 
contact the wavefunction of the reservoir can be taken 
out of the integral tm,r ~ "^Pri^o) J 4'm{v)^dip, so that 



the dependence of the matrix element on the reservoir 
quantum number is contained in a separate factor, that 
is independent of the angular momentum. For the calcu- 
lation of the Green's function of electrons in the ring the 
matrix elements appear in pairs like imi,ri*n2 n so that 
the phase factor due the quantum number of the reser- 
voir cancels out. Assuming furthermore that |'0r(a;o)P is 
constan1ii4, the tunneling matrix element is independent 

of r. i/n.r — ^rn- 

The dependence of the tunneling matrix element on the 
ring quantum number can be estimated by inserting the 
eigcnfunctions in the ring: tm oc J^" e*™*^ = ^ sinm(^Oi 



where ipo describes the angular size of the contact. For 
small (/3o and m the coupling is independent of m, whereas 
it is suppressed for higher m. In this paper we set the 
tunneling matrix elements constant for a given range of 
angular momenta of the eigenstates inside the ring. The 
tunneling matrix elements for other ring states are set to 
zero. 



III. METHODS AND RESULTS 

Within the described model the DOS in the ring can 
be calculated for arbitrary tunneling strength by means 
of a Dyson equation for the Green's function. Therefore, 
the obtained results are also valid for the strong coupling 
regime, in which the energy scale given by the tunneling 
is of the order of or larger than the interlevel spacing 
between consecutive ring states. To avoid superimposing 
effects on the DOS in the ring due to the band structure 
of the reservoir we choose a constant density of states 
in the reservoir v{E) = v. Setting h = \ the Green's 
function for an electron in the ring has the following form: 



[g?n(»gn)]'|tp7('gn) 



with 



l{iEn) = ^G°(i£;„) = -i-KV sign{En), 



(2) 



(3) 



where GmiiEn) {G^{iEn)) denotes the Green's function 
of the isolated ring state (isolated reservoir state) given 

hy gl^{lEr,) = (ZS„ -£„)-! (GO(iS„) = {lEn-Er)-^), 

and En denotes a Matsubara frequency. A different 
density of states in the reservoir can be taken into ac- 
count rather straightforwardly as only the parameter 7 
is changed in Eq. ||3Jl. 

Analytical continuation of the Green's function on the 
real axes leads to the retarded Green's function, whose 
imaginary part determines the (normalized) spectral den- 
sity of the ring states S,n{E) and the DOS in the ring 
P{E) 



p{E) = J2Srn{E) 



" dE 



(4) 
(5) 
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with 



mi 



(6) 



In the simplest case of only one ring state that cou- 
ples to the reservoir, the DOS is given by a Lorentzian 
centered around the eigenenergy Eq of the isolated state 
P^E) = ^((E-eo)'^+Ki) ■ For any couphng strength, the 
width of the maximum of the DOS is given by the 
coupling energy k. For more coupling states and for 
strong coupling the spectral densities are not given by 
Lorentzians due to the effective interaction between dif- 
ferent ring states, as is shown below. 

The effect of coupling on the persistent current in the 
ring is investigated by calculating the current density. It 
is obtained by summing over the contributions of all ring 
states. As the current carried by an occupied isolated 
ring state is Im = the current density has the 

form: 



(7) 



The total persistent current is then given by / 



I-^f{E)j{E)dE, where f{E) = ^+,^/0(e-^.)) denotes 
the Fermi distribution. 

An important consequence of a constant coupling 
strength for all coupled ring states is that the ratio be- 
tween current density and DOS is independent of the 
coupling 



3{E) 
P{E) 



a<s> 

dE 



(8) 



IV. ANALYSIS OF THE RESULTS FOR 
DIFFERENT NUMBERS OF COUPLED RING 
STATES 

In the following we will analyze the results obtained 
above for different numbers of ring states that couple to 
the reservoir. 



A. Coupling of two ring states to the reservoir 

Now we assume that the coupling between ring and 
reservoir is restricted to the two energetically lowest ring 
states. This can be motivated by selective tunneling with 
respect to the angular momentum of the ring states as 
discussed above. Furthermore for a magnetic flux close 
to $ = ^ this assumption is also a good approximation 
as long as the energy gap to the higher lying ring states 
is larger than the coupling energy k. However we will not 
limit the coupling strength in the following discussion. 

If only two ring states couple to the reservoir, the sys- 
tem can be well described by introducing two quasistates. 




FIG. 2: DOS (full line) and current density (dashed line) for 
weak coupling k = 0.2 iJo and fixed magnetic flux $ = 
The quasistates are energetically well separated and their 
spectral densities broaden with increasing coupling. The 
structures of current density and DOS are similar, which re- 
flects low mixing of the ring states. The grid lines show the 
eigenenergies of the isolated ring states. 



For weak coupling, their DOS is given by: 
Si,2{E) = - 



Eav ± 



(Ae 



(9) 



with 



Ae 



Eav — E — 



(10) 



The strength of coupling is characterized by the tunneling 
energy k defined in Eq. lO, which has to be compared 
with the interlevel spacing Ae of the coupled ring states. 
Without coupling the quasistates coincide with the eigen- 
statcs of the isolated ring. Fig. El shows the DOS and 
the current density in the weak coupling regime defined 



by 



> 0. In this regime the spectral densi- 



ties of the quasistates broaden with increasing coupling, 
thereby approaching each other. 

At the critical coupling Kc = \^\ the spectral densi- 
ties of the quasistates are equal. Fig. O and 01 illustrate 
the DOS and the current density, if the coupling is in- 
creased to the strong coupling regime with k > Kc- A 
new quasistate with a sharp eigenenergy develops and is 
represented by the sharp peak in the DOS with a width 
smaller than k. The other quasistate contributes to the 
DOS within a broad energy range of a width larger than 

K. 

This behavior of the DOS is well described by the spec- 
tral densities of the quasistates in the strong coupling 
regime: 



K =F W 



(11) 
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FIG. 3: DOS (full line) and current density (dashed line) for 
strong coupling k = 1.5 -Bo and fixed magnetic flux $ = 
The DOS consists of a quasistate with a sharp eigenenergy 
and of a quasistate that contributes in a wide energy range. 
The asymmetric form of the current density (dotted line) dif- 
fers substantially from the DOS, which shows strong mixing 
of the ring states. 




FIG. 5: Dependence of the persistent current on the magnetic 
flux through the ring for a coupling of two ring states to the 
reservoir {fj, = 4Eo). Relative to the persistent current in 
an isolated ring (full line), the persistent current is reduced 
and smoothed for increasing coupling (long dashed line k = 
0.2 iSo). In the strong coupling regime (short dashed line, 
K = 5 -Eo) the current saturates and the sawtooth form is 
restored. 
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FIG. 4: DOS for strong coupling k = 0.4 Eq and fixed mag- 
netic flux $ = 0.49 $0. For nearly degenerate eigenenergies of 
the isolated ring states the strong coupling regime is reached 
already for small coupling strength and the different behavior 
of the two quasistates is well resolved. 



and DOS is independent of the coupling. In the limit 
of strong coupling, the long living state is centered at 
the average energy of the coupling states and carries the 
current / = i™^i+^™2 ^ -^^j-^jle the strongly couphng state 

carries a current of / = "^"'^ 4 ^"'^ ■ 

Therefore, the value of the saturated persistent current 
is either i or | of the current in the isolated ring, depend- 
ing on whether the Fermi energy lies below or above the 
energy of the long-living state. For the latter case, Fig. 
shows the persistent current as a function of the magnetic 
flux for different coupling parameters. In the strong cou- 
pling regime (short dashed line) the current saturates and 
the sawtooth form of the current is restored. 



Coupling of a finite number of ring states to the 
reservoir 



It is important to notice that the energies of the iso- 
lated ring states depend on the magnetic flux, while the 
coupling to the reservoir is assumed to be independent 
of the magnetic flux. In particular, the eigenenergies are 
degenerate at $ = "-^i that by changing the mag- 
netic flux close to this degenerate value one finally enters 
the regime of strong coupling, for any nonzero coupling 
strength. 

The energy of the long living state depends on the mag- 
netic flux, as it is given by the average energy of the two 
coupled states. Therefore, the system shows Aharonov- 
Bohm type behavior even in the strong coupling regime. 
Correspondingly the persistent current saturates in the 
limit of strong coupling and does not vanish. 

The value of the saturated persistent current is ob- 
tained by noting that the ratio between current density 



A generalization of the simplified two level model is ob- 
tained by considering the coupling of more ring states to 
the reservoir. Thereby at least all states with an eigenen- 
ergy below the Fermi energy are coupled to the reservoir. 

The calculation of the DOS and the current density 
is performed in the appendix. In the strong coupling 
regime the system develops long living states between the 
energetically adjacent states of the isolated ring when- 
ever the tunneling energy k exceeds the interlevel spac- 
ing between the corresponding eigenenergies of the iso- 
lated ring. These new quasistates are more pronounced 
at small energies as illustrated in Fig. El The reason 
is that the energy scale connected with the coupling is 
the same for all states k = 7ri/|tp whereas the interlevel 
spacing between adjacent ring states increases with their 
respective energies. 

Like in the two level system the persistent current satu- 
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FIG. 6: DOS in the strong coupling regime k = 5Eo for four 
coupled ring states (dotted line) and eight coupled states (full 
line). The smaller the interlevel spacing the more pronounced 
are the new quasistates. Magnetic flux $ = is fixed. 
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FIG. 7: Dependence of the persistent current on the coupling 
strength for different numbers of coupled states and fixed 
magnetic flux $ = The numbers of coupled states are 
listed according to the value at which the persistent current 
saturates. There are five eigenenergies of the isolated ring 
below the Fermi energy fi — 25 Eo. 



rates in the limit of strong coupling at a generally nonzero 
value. Thereby the saturation value of the persistent cur- 
rent depends strongly on the number of coupled states. It 
decreases with increasing number of coupled ring states, 
but it also shows an odd-even effect with the number of 
coupled states as illustrated in Fig. [7| Both features have 
their origin in the alternating sign of the current carried 
by consecutive ring states. 



C. Coupling of all ring states to the reservoir 

According to our discussion of the tunneling matrix 
elements in section II a coupling of all ring states to the 



reservoir is realized in the limit of a point contact. It is an 
appealing feature of our model that a simple analytical 
formula for the DOS in the ring and the current density 
can be given for this limiting case: 



P{E) 



^-suixi cos $ — cos X 



1 — cos X COS $ 



(sm X) H % — I COS 5> — cos x 



-(12) 



with X = n^i and the dimensionless flux $ = 27r-^. 
To obtain the DOS given in Eq. (|12|1 we have used 



smx 



m— — oo 



E-er, 



2Eox cos $ — cos ; 



(13) 



Fig. IHl illustrates the development of the DOS with in- 
creasing coupling. For small coupling the DOS shows 
Lorentz broadened maxima around the eigenenergies of 
the isolated ring states with a width given by the cou- 
pling energy k. This indicates that for small coupling 
each ring state couples independently to the reservoir 
and does not interact with the other ring states. An- 
alyzing Eq. (|12|l the DOS shows maxima in the weak 
coupling regime at the energies where the second term of 
the denominator disappears, which happens exactly at 
the eigenenergies of the isolated ring states. At the mag- 
netic flux $ = 0.4<I>o used in the calculations represented 
in Fig. |S1 these eigenenergies are grouped in pairs. Each 
pair consists of ring states with angular momenta m and 
— m — 1. 

For strong coupling however the DOS forms sharp 
peaks ai E = Eq, independently of the magnetic flux. 
These maxima are more and more pronounced with in- 
creasing coupling. Analyzing again Eq. 112|) the roots of 
the first term in the denominator determine the positions 
of the maxima in the strong coupling regime. The ener- 
gies of the quasistates can be understood from the fol- 
lowing requirements. The quasistates lie energetically be- 
tween each two neighbor states of the isolated ring. More- 
over, the suppression of persistent current and Aharonov- 
Bohm effect demands the energies of the quasistates to 
be independent of the magnetic flux. The positions of 
the quasistates E = Eq are the only points satisfying 
both requirements above. Therefore, no quasistates at 
other energies can form at strong coupling. 

The critical coupling at which the transition between 
weak and strong coupling occurs depends on the inter- 
level spacing between the ring states and hence on the 
energy and on the magnetic flux. As illustrated in Fig. |S1 
the critical coupling grows with energy proportional to 
\/E and the quasistates are developed first between pairs 
of ring states. For only two coupling states it was shown 
that the critical coupling is given by = | | , which is 
also a good estimation for the critical coupling at which 
the quasistates at — (2?ti + IJ^Eq develop: 



2{l~2-^){2m + l)Eo 

$0 



OA^E^Eq . 



(14) 
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FIG. 8; Density plot of DOS as a function of the coupling for 
fixed magnetic flux $ — 0.4$o (the magnitude of the DOS 
increases going from black to white). For weak coupling the 
maxima are located at the eigenenergies of the isolated ring 
states whereas for strong coupling quasistates aX E = Eq 
develop. The critical coupling thereby depends on the energy 
as ^/E with different prefactors for even or odd n as indicated 
by the dashed lines (0.4^, 



As a guide to the eye, the dependence Kc{Em) is shown 
by the lower lying dashed line in Fig. |S| Correspondingly 
the seeond dashed line in Fig. |S1 shows at which coupling 
strength the other half of long living states develop at 
E = (2n)2 Eq. 

In contrast to the coupling of two ring states, the 
eigenenergies of the long living states are now indepen- 
dent of the magnetic field, which indicates the localiza- 
tion of those states. Consequently, the Aharonov-Bohm 
effect disappears, which is accompanied by a continuous 
suppression of the persistent current with increasing cou- 
pling as illustrated in Fig. |5| 

The current density inside the ring can be calculated 
with the help of Eq. (7J) and is given by: 



jiE) 



QUE) 
a<s> 



TT 1 + K^^{E)^ 

f° xsinxsin^ 



2 / . ^2 , 4E?x2 / 

(smx) H [' 



cos <I> — cos X 



(15) 



For weak coupling the current density shows Lorentz 
broadened maxima with alternating sign around the 
eigenenergies of the isolated ring states. In the strong 
coupling regime however it shows antisymmetric peaks 
around the eigenenergies E = v? Eq of the newly evolved 
quasistates. Analyzing Eq. H15|) the current density has 




FIG. 9: Dependence of the persistent current on the magnetic 
flux through the ring for different coupling strengths and for 
coupling of all ring states. The persistent current is continu- 
ously suppressed with increasing coupling and vanishes in the 
limit of strong coupling. For all lines, there are five states 
below the Fermi energy /x = 25-Eo. 



the same denominator as the DOS given in Eq. I|12(l . 
However, the numerator disappears at the eigenenergies 
E = u^Eq of the quasistates and therefore causes the 
antisymmetric peaks. 

The asymmetric behavior of the current density causes 
a suppression of the total persistent current with increas- 
ing coupling to the reservoir which is illustrated in Fig. |51 

The continuous suppression of the persistent current 
with increasing coupling can also be understood with the 
help of the coupling-independent ratio between current 
density and DOS, which is given by 



P{E) 

- sin X I cos $ 



-4-^a;sina;sin$ 



COS X 



1 — COS X COS $ 



(16) 



In contrast to the coupling of only two ring states this 
ratio vanishes at eigenenergies of the quasistates that 
develop in the strong coupling regime, so that eventu- 
ally the persistent current will also vanish in the limit 
of strong coupling. Therefore, the quasistates do not 
carry current in contrast to the coupling of two ring 
states where the long living quasistate carries the cur- 



rent / 



V. CONNECTION TO THE DICKE EFFECT 

Studying the energy spectrum of a ring coupled to a 
reservoir, we showed that due to the coupling of differ- 
ent ring state coherent collective states develop inside 
the ring. These quasistates lead to a new sharp energy 
spectrum as illustrated in Fig. ^ El |S1 The same mech- 
anism is known in optics as Dicke effec*ii*i^. Originally, 
the Dicke effect describes how atoms in an atomic gas 
can form a coherent collective state when they are cou- 
pled by an electromagnetic field with a wavelength bigger 
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than the distance between the radiating atoms. These 
collective states have a sharp eigenenergy and lead to a 
significant reduction of the Doppler width in atomic spec- 
troscopy. In optics, the long living states with a small 
spectral width are called subradiant and the broad states 
that couple strongly to the light are called superradiant. 

In our work different ring states are coupled by the 
fermionic reservoir, which is therefore the counterpart of 
the electromagnetic field in optics. 

Recently a similar system was investigated in the con- 
text of resonant scatteringi^. T. V. Shahbazyan and S. 
E. UUoa studied the electronic states of a system consist- 
ing of a 2D electron gas, which is tunnel coupled to an 
array of pointlike, single level quantum dots. The local- 
ized states in the dots are coupled to each other via the 
tunneling into and out of the delocalized states of the 2D 
gas. Under certain conditions a coherent collective state 
is formed that is located in the quantum dot array. 

One can draw direct analogy between the physical en- 
tities entering the model of Ref>i^ and our model. The 
states of the locally distributed quantum dots correspond 
in our system to the discrete ring states, whereas the 
2D electron gas corresponds to the fermionic reservoir. 
In both models the underlying physics consists in the 
formation of collective quasistates with narrow spectral 
linewidths as the tunnel coupling exceeds some critical 
value. In our model the formation of the collective quasis- 
tates affects the persistent current inside the loop, while 
the coherent collective state located in the quantum dot 
array leads to a reduction of the electron mobility in the 
2D electron gas. 

Furthermore, T. V. Shahbazyan and S. E. UUoa showed 
that if the discrete states in the quantum dots are ener- 
getically degenerate then their DOS mainly consists of 
a sharp peak and a very low and broad background. 
Thereby a fraction of up to 1 — of the states con- 
tribute to the sharp peak in the DOS whereas the small 
remaining part contributes to the DOS in a wide en- 
ergy rangai^. This is in agreement with our system, for 
which in the strong coupling regime a single quasistate 
hybridizes strongly with the reservoir and becomes ex- 
tremely broad, whereas all other quasistates show up as 
sharp maxima in the DOS. 

However we want to stress two major differences to 
our work. In our work all ring states couple to the reser- 
voir at the same point, whereas in Ref^ the interacting 
subsystems are spatially separated. Therefore, the elec- 
tron has to propagate inside the 2D electron gas between 
consecutive tunneling events. This causes an additional 
phasefactor in the tunneling matrix elements that de- 
stroys coherence. In order that coherent collective states 
are formed, the average distance between different dots 
has to be of the order of or smaller than the Fermi wave- 
length. Similarly, the original Dicke effect in optics takes 
place only if the distance between the atoms of the gas 
is of the order of or smaller than the wavelength of the 
light. This additional phase coherence length is absent 
in our model, as all the ring states are localized within 



the same small volume. 

Furthermore, within our model the interlevel spacing 
between the ring states can be adjusted systematically by 
changing the magnetic field. Consequently, the regime of 
strong coupling can be reached by changing the magnetic 
field rather than the coupling itself. In contrast, the en- 
ergy distribution of an array of localized states cannot be 
modified by applying a magnetic field, since the energies 
of different localized states have the same magnetic field 
dependence. 



VI. COMPARISON TO THE SCATTERING 
MATRIX APPROACH 

The effect of dissipation on the persistent current in 
a one dimensional ring was examined in previous work 
already, using the model depicted in Fig. [T] (b)i^. The 
analysis of that work was based on the scattering ma- 
trix, that describes the effect of the junction between the 
one-dimensional wire and the ideal ring. This approach 
requires the use of a continuous basis of wavefunctions in 
the ring and the amplitudes inside the ring are related 
by the Aharonov-Bohm phase matching condition. In 
the frame of the scattering approach only energetically 
degenerate wavefunctions inside the ring are mixed by 
the coupling. In contrast, the tunnel Hamiltonian, uses 
the discrete eigenstates of the isolated ring, that already 
satisfy the phase matching, and the coupling leads to a 
mixing of states with different unperturbed eigenenergies. 

Recently it was shown that calculations based on the 
scattering matrix approach or the tunnel Hamiltonian 
give the same transmission through an Aharonov-Bohm 
interferometer with a single-level quantum dot in at least 
one of the armsSSiSl. In the following we show that 
for a coupled ring however there are differences between 
both approaches. In particular, the scattering matrix 
approach used in Rcfii^ fails to predict the formation of 
additional quasistates at very strong coupling due to the 
mixing of eigenstates of the ring that arc energetically 
far from each other. 

The scattering matrix used in Ref^ depends on a 
single free parameter called e that can be identified 
with the coupling strength between ring and reservoir. 
Furthermore, the authors limited the coupling strength 
< e < 0.5 to keep the matrix real. The restriction to 
a real matrix with a single free parameter is not suffi- 
cient to describe a general unitary 3x3 matrix like it was 
already anticipated by the authors. As a consequence 
of the restricted range of coupling, the scattering matrix 
approach used in Refii^ fails to describe the mixing of 
eigenstates of the ring that are energetically far from each 
other. Therefore, even for maximum coupling only one 
group of quasistates develops within the scattering ma- 
trix approach, with eigenenergies either at E = {2nfEo 
or a± E ~ (2n + l)^i?o depending on the magnetic flux 
through the ring. 

Within the accessible range of the coupling strength 
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for the scattering matrix approach, the results for the 
DOS and the current density in the ring are quahtatively 
the same as the ones obtained in this paper. In particu- 
lar, both formalisms show Lorentz broadened maxima in 
the density of states around the eigenenergies of the iso- 
lated ring states in the weak coupling limit and the ratio 
between current density and DOS is independent of cou- 
pling. Furthermore both formalisms show level attraction 
as shown in Fig. 1 101 for the scattering matrix approach. 
However, within the scattering matrix approach the qua- 
sistates develop at the same coupling strength whereas 
for the tunnel Hamiltonian the quasistates with lower 
eigenenergies are developed at smaller coupling strength. 
This difference between the approaches can be compen- 
sated by choosing an energy dependent coupling strength 
k{E) = kq \Ie (with zero coupling for negative energies 
in the reservoir) for which both models nearly coincide. 
Another consequence of the energy dependent coupling 
is that for small coupling the width of the Lorentz broad- 
ened maxima increases like ^pE. 

Furthermore, in both formalisms the coupling is as- 
sumed to be independent of the magnetic flux, while the 
energy spectrum for the isolated ring is of course flux 
dependent. Therefore, the transition between weak and 
strong coupling is also flux dependent. This can be seen 
in Fig. 111! for the scattering matrix approach and in 
Fig. 1121 for the tunnel Hamiltonian approach. The qua- 
sistates are the more pronounced the closer the flux is 
to the values $ = ri,$o or $ = corresponding to a 
degenerate energy spectrum. Fig. ^]also illustrates that 
even for maximum coupling only one group of quasis- 
tates is formed within the scattering matrix description, 
namely at E 

E = (2nf So for 0.25 < I ^ I < 0.5. 



(2n + 1)2 Eq for -0.25 < ^ < 0.25 or at 



VII. CONCLUSION 

In this paper we studied the energy spectrum and the 
persistent current of a ring coupled to a reservoir. Both 
of these quantities are accessible in experiments. The 
DOS can be measured by means of optical spectroscopy 
or by measuring the charging energji2i^, whereas the cur- 
rent density is accessible by measuring the magnetization 
as a function of the Fermi energy (at low temperatures 
j(fj,) ~ f^)- We have shown that for strong coupling the 
system has a new, well defined level structure formed by 
quasistates with sharp eigenenergies. The physical mech- 
anism leading to the development of collective quasistates 
has been explained in previous work on resonant tunnel- 
ing and scattering in solid statesi^ and is related to the 
Dickc cffecl!ii*i^. We derived analytical formulas for the 
DOS and the current density in the ring, and analyzed 
their dependence on the tunneling strength between ring 
and reservoir as well as on the number of coupled states. 
Thereby the number of coupled states depends on the 
geometrical form of the contact. It was shown that for a 
finite number of coupling states, the persistent current is 
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FIG. 10; Density plot of DOS as a function of energy and 
coupling for the scattering matrix formalism and for a fixed 
magnetic flux $ = 0.44"l>o (the magnitude of the DOS in- 
creases going from black to white). For small coupling, the 
DOS shows maxima at the eigenenergies of the isolated ring 
states, that are grouped in pairs. With increasing coupling, 
the states of each pair approach each other and develop new 
long living states at E = {2n + 1)^ Eq. Thereby each long 
living state is formed at the same coupling strength. 



rather robust against coupling and does only vanish if all 
ring states couple to the reservoir. Our model can repro- 
duce the results obtained in previous work based on the 
scattering matrix approach and furthermore it describes 
how the system reaches a new stable energy spectrum in 
the limit of strong coupling. 

Finally we note, that the experimental realization of 
strong tunnel coupling is achieved by creation of a quan- 
tum well in the contact area between the reservoir and 
the ring. The quantum well modifies the dynamical mo- 
tion of the charge carriers, which manifests itself in the 
formation of sharp quasistates is the ring. 



VIII. APPENDIX 



For the calculation of the DOS and the current density 

m2 1 



in the ring it is useful to express ^{E) = J2mL 



m— mi E- 



with the help of the digamma function ^{z) = 7=^^- 



v.- ^ (E) - ^+ ^ (E) V.r+„^ (E) + {E) 



(17) 
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with 



^,t.(i^)=V.(™+/5+^). (19) 




FIG. 11: Density plot of DOS as a function of energy and 
magnetic flux within the scattering matrix formalism for max- 
imum coupling e = 0.5. Pronounced maxima are developed at 
the energies E = n^Eo with n odd or even depending on the 
flux. This effect gets stronger for a flux close to $ = and 
corresponding to degenerate eigenenergies. At those 
values of flux, the width of the maximum goes to zero. These 
results can be reproduced within the tunnel Hamiltonian for: 




5 10 15 20 25 ^ 30 




FIG. 12: Density plot of DOS as a function of energy and 
magnetic flux within the tunnel Hamiltonian formalism. The 
system is in the strong coupling regime and the coupling is 
energy dependent n — 2 \/ Eq E. The DOS shows maxima at 
E — n^Eo that are particularly pronounced at $ = and 
$ = ±-^, where the width of the maximum goes to zero. 



With the help of Eq. ©,0 the DOS and the current 
density in the ring can be calculated, using the polygam- 
mafunction ili'^^\z) = -^ip[z) . 



p{E) = -K (-2^^i[E) + /b 

(x^Eq-kE^^ {\^K'i(Ef)Y (20) 

+ ^ti\l..{E))l(^^'n^jE^{X^K\{Ef)) 

(21) 



with 
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